Rotational behavior of the main-sequence stars and its plausible consequences concerning for- mation of planetary systems by Huang, S.-S.
SU-Z:.L ; : A " , * .  ? - -. 
Gaddard Space r ' l i gh t  Cen te r  
N a t i o n a l  Aeronaut ics  and Sphce A c h i n i s t r a t i o n  
and 
Department of Space Sc ience  and Applied Phys ic s  
C a t h o l i c  Un ive r s i ty  of America 
AESTRACT 
A phenoxenological  t heo ry  f o r  t h e  behav io r  of 
a x i a l  r o t z t i o a  
by c o n s i d e r i n g  
of main-sequence s t a r s  is 
t h e  e f f e c t  of b rak icg .  I 
s p e c i f y  t h e  p h y s i c a l  p rocess  of b r a k i n g  bat does . 
provide  a s t a t i s t i c a l  coCal by u.,ich hisLograms of 
observed  r o t a t i o n a l  v e l o c i t i e s  of s t a r s  or" d i 2 f e r e n t  
s p e c t r a l  t y p e s  can be expla ined  i n  terms of t h e  b r a k i n g  
s t r e n g t h .  I t  shows t h a t  r o t a t i o n  of a l l  s t a r s  i n c l u d i n g  
t h o s e  of 0 and B t ype  has  been braked i n  v a r i o u s  degrees 
d u r i n g  the i r  course  of evo lu t ion .  
As a r e s u l t  of brak ing ,  t h e  s t e l l a r  angu la r  
momentum is  t r a n s f e r r e d  outwards t o  t h e  su r round ing  
nebula  t h a t  may be regarded as the  remnant of s t a r  
format ion .  T h i s  l e a d s  p l a u s i b l y  t o  t h e  format ion  around 
t h e  s t a r  of a p l a n e t a r y  s y s t e m  from t h e  nebula .  I f  t he  . 
a n g u l a r  momentum is not  f u r t h e r  d i s s i p a t e d  from t h e  
nebula ,  w e  can e s t i m a t e  the  s i z e  of the  p l a n e t a r y  sys tem 
and its p r o b a b i l i t y  of occur rence .  It  shows t h a t  t h e  
s i z e  of a p l a n e t a r y  s y s t e m  around any s t a r  is  c r i t i c a l l y  
dependent upon t h e  mass i n  t h e  nebula  a s  coopared to 
t h a t  of t h e  s t a r  i t s e l f .  
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a b r u ? t l y  a t  about ?!"5 (Stru-ca L J u , , / ' .  -?-,' 
a t t r i b u t e d  t o  t h e  bi-akicg effect  or" vlli;-icrus mechanisms reviewed 
i n  a p rev ious  paper  (Huang and S t r u v e  1960). A more e f f i c i e n t  
b r a k i n g  mechanism t h a n  t h o s e  p rev ious ly  proposed has  r e c e n t l y  
been sugges t ed  by Schatzman (1962) a s  due t o  mass loss t h rough  
s t e l l a r  magnet ic  a c t i v i t i e s .  
I n  t h e  p r e s e n t  paper  we do no t  i n t e n d  t o  d i s c u s s  the 
p h y s i c a l  p rocess  of how t h e  b rak ing  of s t e l l a r  r o t a t i o n  is 
a c t u a l l y  a f f e c t e d .  
t h a t  t h e  observed  d i s t r i b u t i o n  of r o t a t i o n a l  v e l o c i t i e s  of  
s t a r s  be longing  t o  d i f f e r e n t  s p e c t r a l  t y p e s  can  indeed  be 
unders tood  i n  terms of b rak ing  s t r e n g t h s .  
and S t r u v e  1954) i t  has  been concluded t h a t  t h e  r o t a t i o n a l  
axes  show no p r e f e r e n c e  i n  t h e i r  d i r e c t i o n s  i n  spac.e. 
i n d i c a t e s  t h a t  the  r o t a t i n g  s t a r s  have no t  a c q u i r e d  t h e i r  
a n g u l a r  momentum from 
t h e  g a l a c t i c  r o t a t i o n  of  t h e  pre- 
Ra the r ,  we w i l l  show phenomenologically 
A s  t h e  r e s u l t  of a s t a t i s t i c a l  s t u d y  (S t ruve  1945; Huang 
T h i s  
s t e l l a r  gaseous Kedium. I n s t e a d ,  t h e i r  a n g u l a r  rrosenta must 
have baen d e r i v e d  from a random process ,  such a s  c o l l i s i o n s  
of  i n t e r s t e l l a r  c l o u d s ,  t u rbu lence ,  e tc .  (FiLang and Szruve 
1954). Consequent ly ,  we may expect  ~,h t  t h e  a n g c l a r  Lorrenta 
p e r  u n i t  mass, h, of s t a r s  a r e  o r i g i c a l l y  d i s t z i b u t e d  acco rd ing  
t o  t h e  Maxwellian law. F i n a l l y  we would l i k e  t o  c a l l  a c t e n t i o n  
here t o  t h e  f a c t  t h a t  t h i s  o b s e r v a t i o n a l  conseqdence has  no t  
been f u l l y  a p p r e c i a t e d .  
r o t a t i o n a l  a n g u l a r  monenta of s t a r s  a s  due u l t i i m t e l y  t o  t h e  
g a l a c t i c  r o t a t i o n  of t h e  tecuous  p r e - s t e l l a r  cadiL. ,  : e . g .  
Edgeworth 1846; Xeyle  19GG) . 
Many t h e o r e t i c i a n s  s t i l l  t a k e  zhe 
_ .  . - I  For a g iven  s p e c t y a l  t y p  ;LG g b ~ : A ~ ~ ~ ~ ~ ~ ~  :,L;S ~ ~ c i  the  
- _ _ -  ,.^ r a d i u s  02 - ~ ; * z . c i o ~  do ~ e t  vs;.;. s - z z ~ l y .  . -  r rG. .vrS ,.e ;..-y zalie 
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Propor t ion  t o  h. 1," we s e t  % = Yh,' 8 whcra qL deno tes  t h e  
m o s t  p robzble  e q u a t o r i a l  r o t z t i c n a i  v s l o c i l y ,  t k c  o r i g i n a l  
d i s t r i b u t i o n  02 x i n  a ,-fven s;ect--nl racgc should  be g iven  5y 
T 
accord ing  t o  our  assumption. Here Xc is t h e  upper l i m i t  of 
r o t a t i o n a l  v e l o c i t i e s  because of r o t a t i o n a l  i n s t a b i l i t y  and d 
is a nuxierical  fector  t o  no rxa f i ze  t h e  ' f u n c t i o n  j ( ~ )  . xow 
if w e  assume t h a t  t h e  s t a r  ro ta - tes  a s  a r i g i d  bo y, 
obv ious ly  r e l a t e d  t o  t h e  angular  noxentun aer uni: mass, h, 
of t h e  s t a r  as fo i lows :  
' 
X i s  
where El is t h e  g e o m e t r l c s l  r z d i u s  znz ,.k the r a d i u s  of g y r a t i o n  
of t h e  s t a r .  
D P 
We may d e f i n e  ,:= ~i, by ec,zz,tfon (2) vhen X = xc . 
Then i n t e r s t e l l a r  c l o u d s  wi th  S P  r7, 7f ip coirld ve ry  p o s s i b l y  l e a d  t o  
b 
t h e  fo rma t ion  of close b i u r y  s y s t e x s .  
a r e  i n t e r e s t e d  mainly i n  t h e  behavior  of t k  oLsex-~.?-' d i s t r i b u t i o z '  
a t  i ts  s m a l l - v e l o c i t y  end  which is ri0.c s i g i l i f l c&i ; ,  
by t h e  h igh -ve loc i ty  t a i l ,  we s h a l l  SGZ, for s i i n ~ l f c i t y  or' 
calculation,;TC-SgO and cozsequent ly  6 = / . 
is t o  reduce h of. a l l  s t a r s  i n  a given  s p e c t r a l  ranga b y  a 
c o n s t a n t  amount, hi  . Define X Z X  I 
i n  e q u a t i o n  (2) . 
of b r a k i n g  of a x i a l  r o t a z i o n  of t he  s t a r s  w i t h i n  a s p e c t r a l  
t y p e ,  namely,the s t r o n g e r  t h e  b rak ing  xechanism, t h e  g r e a t e r  
t h e  v a l u e  of x, . 
d i s t r i b u t i o n  of r o t a t i o n a l  v e l o c i t i e s  a f t e r  t h e  2z;;k.cicg cechanism 
has been app l i ed .  
S ince  zt Fresan t  we 
I . : Z ~ c t e d  
A s  a s imple  model, w e  propose t h a t  t h e  e f i e c t  of ;paking 
. - P P  when ,i = , I /  is s u b s t i t u t e d  
I t  is then  obvious t h a t  X ,  measures t h e  degree  
I n  t h i s  way w e  a r e  a b l e  t o  abzz in  t h e  
Xeedless  t o  s a y ,  t h i s  s t a t i s t i c a l  model is ve ry  i d e a l i z e d  
and r e p r e s e n t s  an extreme case .  Llosz l i k e l y  1 1 is not  a c o n s t a n t  J 
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.even w i t h i n  a s p e c t r a l  s u b - t y F 2  but i -%creases  with t h e  o rLg iLa l  
v=lll;e of h. Soviever, s i n c e  t>.e obscr-zcd c i k  wrLbut: ao n is :;st 
t o  b u i l d  an  - . A n m r n c  . T -  ::oLcL -,:;-.i 2;: x. :? -5' -;. ,.. - ..- ,I ~::voli*c. . ;-.zz;J : 
adjus tz l s ie  psraseza;-s.  in t L z  a t h k i *  .....--J - - '  3 d c ~ u s e  of t h i s  
o v e r s i m p l i f i e d  model, t h e  q u a n t i t a t i v e  r e s u l t s  o b t a i n e d  i n  
t h i s  paper  r e p r e s e n t  o n l y  a very rough e s t i m a t e .  
If w e  accep t  t h i s  s i m p l i f i e d  model, t h e  d i s t r i b u t i o n  of 
e q u a t o r i a l  r o t a t i o n a l  v e l o c i t i e s  a f t e r  b r a k i n g  has  t a k e n  its 
t o  11 becomes 
well d e t e r m i n e d ,  vie do no t  scc  7 '  7 ?,c!vr,?.',.- '9 o L  .,- this ;?c:z;,t 
- -  
L 
and g ( X - 0 )  deno tes  t h e  d e l t a  func t ion .  
If 'p'"dX,) deno tes  t h e  d i s t r i b u t i o n  of 
' y,  w e  have (Kuiper 1935; Chandrasekhar and 
observed v e l o c i t i e s ,  
Mhch 1950) 
V 




The observed d i s t r i b u t i o n s  
h i s tog rams ,  i .e.,  
a r e  g iven  i n  the form of 
4 -  
- .  . . .  
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I n  F igu re  1 w e  have shown 
.(O, 0.1, 0.2, 0.3, 0.4, 0.5 ,  0.6, 1.0, 1.4, 1.8, 2.6) w i t h d Q = 0 * 2 .  
b r a k i n g  s t r e n g t h  on the  d i s t r i b u t i o n  of observed r o t a t i o n a l  
v e l o c i t i e s  of s t a r s  i n  a s p e c t r a l  type .  
cor responds  t o  t h a t  of no braking ,  w h i l e  t h e  c a s e  Y, = 2.6 l e a d s  
p r a c t i c a l l y  t o  a complete s t o p  of a x i a l  r o t a t i o n  by braking .  
These diagrams shou ld  be compared w i t h  t h e  observed  
h is tograms.  Unfo r tuna te ly ,  a s  we can s e e  i n  our prev ious  paper  
(Huang 1953), t h e  tmo s e t s  of observed diagrams d e r i v e d  from 
two uncombinable se-LS of o b s e r v a t i o n a l  d a t a  show s l i g h t  
d i f f e r e n c e s .  T 6 e  t w o  uncom3inable s e t s  of o b s e r v a t i o n a l  d a t a  
11 computed h i s tog rams  of 
( i / , y ~ )  accord ing  t o  e q u a t i o n s  (5)-(7) f o r  / v a l u e s  of 
4 
T h i s  sequence of  h i s tograms i l l u s t r a t e s  t h e  e f f e c t  of t h e  d 
The c a s e  2f,= 0 
a r e  r e s p e c t i v e l y  from t h e  three-pr i sm and two-prism spec t rograms . 
t h a t  have been t a k e n  d u r i n g  the y e a r s  by astronomers  a t  the  
L i c k  Observatory.  There a r e  1103 s t a r s  ;or which r o t a t i o n a l  
v e l o c i t i e s  were rneasured from three-pr i sm spectrograms and 
445 s t a r s  f o r  which r o t a t i o n a l  ’ v e l o c i t i e s  were measured from - 
two-prism spec t rograms.  The re fo re ,  t h e  h is tograms of r o t a t i o n a l  
d e f i n i t e l y  more r e l i a b l e  t h a n  those  from the  two-prism s p e c t r o -  
grams from a c o n s i d e r a t i o n  of bo th  t h e  d i s p e r s i o n  and t h e  number 
of s t a r s  s t u d i e d .  For t h i s  reason  w e  s h a l l c o n p a r e  t h e  conputed 
h i s tog rams  i n  F igu re  1 wixh the  observed o m s  ob ta ined  f r o a  
v e l o c i t i e s  d e r i v e d  from t h e  three-pr i sm spectrograms a r e  - <  
t h ree -p r i sm h i s t o g r n s ,  t h e  l a t t e r  b e i n g  ;-e>;-ociCced here 
i n  Zigure 2. Y’izally,  i-, clay 2 2  co ted  tix there ai-c ,v l ; i l aSia  
A 
\'le have nent ioned  b e f o r e  t h a t  by assuming X c  4 W  
no t  s e r i o u s l y  modify t h e  d i s t r i b u t i o n  f u n c t i o n  a t  t h e  lower 
e n d  of observed yota t ic ;na l  v e l o c i t i e s  , i t  r?.akes an  a p p - e c i a b l e  
d i f f e r e n c e  a t  t h e  upper end. Thus, when vie conpr'.re h i s tograms 
w e  
- i n t r o d u c e  an approximation. While t h i s  a?proximation does 
I 
~. 
~ a r i s i n g  from t h i s  a p p r o x i r a t i o n ,  since i n  a l l  t h r e e  histogram 11 
1 ,  o b t a i n e d  from observed d a t a ,  t h e  d i s t r i b u t i o n  f u n c t i o n  drops 
much more r a p i d l y  thzn  what have been c a l c u l a t e d  on the 
I assumption of x , + C O  . Thus, a cut-off  of rotational v e l o c i t i e s  
, I 
st t h e i r  upper end is e v i d e n t  i n  a l l  three csses i n  F igu re  2. 
This shows t h a t  r o t a k i o n a l  i n s t a b i l i t y  has played a role n o t  
o n l y  i n  0- and B-typa s c z r s  ;3=t r i ls~ in ?- 2c.C p c r i z p s  even 
l a t e r - t y p e  s t a r s  soinetime da r ing  t h e  cour se  of t h e i r  e v o l u t i o n .  
T h i s  r e s u l t  may be s i g n i 2 i c a n t  t o  o u r  s e a r c h  of c l u e s  f o r  
s t a r  format ion .  
The s t r e n g t h  of b rak ing  v a r i e s  ii-izh t h e  noxent of b r a k i n g  
f o r c e  2nd the  d u r a t i o n  i n  wnich b r z k i n g  a c t s .  I f  indeed  t h e  
b r a k i n g  is due t o  magnetic 2c ; iv i t i e s  which hi-2 i n  t u r n  . 
induced by convec t ion  and r o t a t i o n  i t s e l f  i n  tile e a r l y  phase 
of t h e  s t a r ' s  e v o l u t i o n  a s  Sckztzmsn (1562) has  s z g z c s t s d ,  
we would expec t  from t h e  p r e s e n t  s c d d y  t h z t  zagrAc~:c a c z i v i t i e s  
have occur red  i n  s t a r s  of a l l  nasses  i n  t k e i r  e a r l y  ?Cases of 
e v o l u t i o n ,  d i f f e r i n g  on ly  i n  t he  s t r e n g t h  and d u r a t i o n  of s u c h  
a c t i v i t i e s .  T h i s  conc lus ion  is i n  agreement w i t h  Pvoeda's 
(1964) i n t e r p r e t a t i o n  of f l a r e  s t a r s  based on Hayashi's (1961) 
r e s u l t s  of e v o l u t i o n  on one hznd and Fowler, Greecsteiri acd 
i n  t h e  e a r l y  phase of t h e  s o l a r  system on t h e  o t h e r .  
Hoyle's (1962) theo ry  of f o r n a t i o n  of l i g h t  elenznts--Y:, 7 .  B e ,  3 -- 
Thus f a r ,  w e  have fo l lowed t h e  r eason ing  of bozh Sehatzxan 
a x  Poveda t h a t  t h e  magnet ic  f i e l d  is  genera ted  i n  t h e  s t a r  a s  
a r z s u l t  of convec t ive  noxion and d i i f e r e n t i a l  rotation. 
Ea;;sver, i t  nay be noted xhz t  i t  would not modify our 
c o x l u s i o n  if w e  asswile t h a t  t he  s t r o n g  rnzgnet ic  f i e l d  is 
d e r i v e d  f ron  a c c r e t i o n  of i n t e r s t e l l a r  magnetic l i n e s  of f o r c e  
d u r i n g  t h e  p e r i o d  of s t a r  formation. If s o ,  the s t r o n g  magnet ic  
- 7 -  
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here .  ::owevcr, our  crude  xeasurc:ncr.dcs of s t e l l a r  r o t a t i c n a l  
v e l o c i t i e s  Trovidc the o n l y  unlicrx s e t  of d a t a  yzlhich cove r  such 
a l a r g e  cuaber  of s t a r s  t h s t  r;..a!re t h e  i-,i;to,-rams i n  Figure 2 
s t a t i s t i c a l l y  s i g n i f i c a n t .  
XI 
c o n s a r i s o n  w i t h  t h o s e  i n  F igure  1, X,  be ing  de termined  by 
the shape  znd b;;, by t h e  s c a l e s  of a b s c i s s a s  of b o t h  observed  p 
and computed diagrams. I t  should once more be emphasized t h a t  
these v a l u e s  a r e  ve ry  t e n t a t i v e  a s  b o t h  t h e o r y  and o b s e r v a t i o n a l  
d a t a  ( e s p e c i a l l y  t h e  convers ion  of measured wid ths  of t h e  
s p e c t r a l  l i n e  t o  r o t a t i o n a l  v e l o c i t i e s )  a r e  crude.  However, 
there is no doubt a t  a l l  t h z t  X ,  is l e a s t  (bu t  ' d e f i n i t e l y  non- 
v a n i s h i n g )  f o r  0 and B- t ype  s t a r s ,  i n c r e a s e s  o n l y  s l i g h t l y  
f o r  A4-type stars and becomes much l a r g e r  for FO-F5 s t a r s .  
few s i n g l e  s t a r s  of s p e c t r a l  types  l a t e r  t h a n  F5 a r e  found t o  
be  r o t a t i n g  w i t h  a measurable  v e l o c i t y ,  w e  must conclude 
t h a t  y I  for t h e s e  l a t e -  t ype  s t a r s  is g r e a t e r  t h a n  2.6. 
u n c e r t a i n t y  i n  o b s e r v a t i o n a l  d a t a ,  t he  g e n e r a l  behav io r  does 
i n d i c a t e  t h a t  o u r  simple s t a t i s t i c a l  model f o r  t h e  braking 
e f f e c t  r e p r e s e n t s  ve ry  w e l l  t h e  g radua l  change of t h e  d i s t r i b u t i o n  
of observed  r o t a t i o n a l  v e l o c i t i e s  from 0 and B through A and 
FO-F5, and f i n a l l y  t o  l a t e r - t y p e  s t a r s .  E s p e c i a l l y  it e x p l a i n s  
t h e  l o n g  puzz led  f a c t  t h a t  a l a r g e  number of 0, 8, A s t a r s  
do n o t  r o t a t e  a p p r e c i a b l y ,  a l though t h e i r  average  r o t a t i o n a l  
v e l o c i t i e s  a s  group a r e  high. 
I n  Table  1 we g ive  t h e  r c s u l - t s  of OUT dcter:y.inF:ion of . t 
anci q:, f o r  each of tl:i-cc GLSB;-V;C! > i s t o p a : z s  J L ~ \ = T  a
Since  
While w e  cannot  de te rmine  X;accurately because of t h e  
The p rev ious  r e s u l t  induces  us  t o  conclude t h a t  c o n t r a r y  
t o  our prev ious  b e l i e f ,  b r a k i n g  is no t  l i m i t e d  o n l y  t o  s t a r s  
of s p e c t r a l  t y p e s  l a t e r  t h a n  F5 but  ex tends  t o  0 ,  B,  A and 
e a r l y  F s t a r s  a s  w e l l .  i t  s u g g e s t s  t h a t  a long  t h e  main 
sequence a l l  s t a x  show e v i d s r c e  of hziving been braked. However, 
t k e  b rak ing  xechn i sm is we2k a t  LIS u23per branch of t h e  z a i n  
seGuence sild incressss  i t s  s t r e n g t h  r s p i d l y  sEtar  2770. 1; 
becomes s o  stroyig 2ftel: 35 t h a t '  r o t a z i o n  of a l l . s t a r s  is 
p r a c t i c a l l y  s topped  by i t .  
- 6 -  
. .  
c - . .' 
z c t l v i t i c s  i n  the e a r l y  phzz 3 wouli  r e p r e s e n t  t h e  d i s s i p a t i o r  
bcc,n*i:se of c o r v e c t i o n ,  G f  :nap?:ic ene,-Zy tk2. t  is a l r e z d y  
t h e r e .  
-"- c-7. - - - - . - - ,  . r C - T l  ST '7.Q 
.I,. -" I -  b - . . , J  f * -  J ..- 7 -  A * . ?297*9CLITl  C? :: - 
It has  ofxen  been sugges ted  (e.g.  HuZiIg 1953) t h a t  the  
d i sappea rance  of r o t a t i o n  a f t e r  F5 m3y i n d i c a t e  t h e  e m r g e n c e  
of p l a n e t a r y  s y s t e m s  because i t  is d i r " f l c u 1 t  t o  c n d e r s t a n d  hcw 
the o r i g i n a l  d i s t r i b u t i o n  of aagular momnta o f  t h a  l z t e - t y p e  
s t a r s  shou ld  be s o  r a d i c a l l y  d i f f e r e n t  f r o x  t h a t  of e a r l y  ones. 
T h i s  is  e s p e c i a l l y  t m e  i f  w e  fo l low t h e  r e a s o c i n g  i n  t h e  
p rev ious  s e c t i o n  where t h e  o r i g i n a l  d i s t r i b u e i o n  02 a n g u l a r  
moxenta p e r  u n i t  mass of s t a r s  is a s s u m d  t o  f o l l o w  t h e  
Xaxwellian d i s t r i b u t i o n  (which may be t r u n c a t e d  a c t he  high- 
v a l u e  end because of r o t a t i o n a l  i n s t a b i l i t y ) .  Indeed,  i f  
from t h e  s t a r s  remain i n  t h e i r  neighborhood, fo rma t ion  of 
p l a n e t a r y  systems would appear  i n e v i t a b l e .  Fol lowing t h i s  l i n e  
of r e a s o n i n g  we s L z l l  x a k  i n  t h i s  s e c t i o n  a n  e s t i m a t e ,  though 
a v e r y  c r u d e  one,  n o t  on ly  of t he  p r o b a b i l i t y  among s i n g l e  
s t a r s  t h a t  w i l l  pos ses s  p l r n e t a r y  s y s t e m  b u t  a l s o  of t h e i r  
g e n e r a l  behav io r  w i t h  r e s p e c t  t o  the s p e c t r a l  type  of t h e i r  
p a r e n t  s t a r s .  
.- 
I a n g u l a r  ciomenta t h a t  have been d i s s i p a t e d  . 
Before w e  s h a l l  unders tand  why o u r  p l aneza ry  system was 
formed i n  a s t a t e  a s  i t  i s ,  w e  a r e  not expec ted  t o  d e r i v e ,  
s imply  from a c o n s i d e r a t i o n  of the  a n g u l a r  momentun, t h e  
d e t a i l e d  s t r u c t u r e  of p l a n e t a r y  s y s t e m s  around s t a r s .  I n  o r d e r  
t o  o b t a i n  a g e n e r a l  behavior  of any p l a n e t a r y  syszem around a 
s t a r  w i t h o u t  go ing  i n t o  t he  d e t a i l  s t r u c t u r e  we clay d e f i n e  t h e  
concept  of an  "equiva len t  p l ane t " ,  whicn is a f i c t i z i o u s  
p l a n e t  t h a t  would be Eoving i n  a c i r c u l a r  o r b i z  wi th  an 
a n g u l a r  momen2Lx p e r  u n i t  Mass, h ,  e q u a l  t o  t h e  average  v a l u e  
of the  e n t i r e  xas5 o u z s i c e  o f ,  b u t  be longing  t o ,  t h e  s t a r .  
Thus,  i n  t h e  c a s e  of OUT s o i a r  s y s t e n ,  w e  have (Al len  1955) t h e  
gm cm2/sec 
I 
t o t a l  a n g u l a r  momentun of t h e  p l a n e t z - g  sysxam e q u a l  to 3.15 x 10 50 
, whi le  i ts t o t a l  mass is 2.68 x 10 30 gm. 
- 8 -  
Consequent ly ,  i ts h’ ,  denoted h e r e a f t z r  by 7 ’  4 L i  6 1  
. 
# 
Then it is easy  t o  f i n d  t h a t  “Le e q u i v a l e n t  ? l a n e t  02 o u r  
own p l a n e t a r y  system is l o c a t e d  a t  a d i s t a n c e  
1 q5 = 1. c y 2  Y I ; j  C L L L  
from t h e  s u n  (i.e. between J u p i t e r  and S a t u r n  a s  would be 
expec ted)  and r e v o l v e s  w i t h  a l i n e a r  v e l o c i t y  
around the  sun. 
e q u i v a l e n t  p l a n e t  t h a t  i t  does g ive  u s  a measure of t h e  e x t e n t  
of any p l a n e t a r y  system a l though it  conveys no i d e a  about  i ts  
t o t a l  mass and mass d i s t r i b u t i o n  i n  t h e  s y s t e m .  
L e t  u s  now assume t h a t  t h e  gaseous remnant around a s t a r  
a f t e r  i ts  fo rma t ion  is  m and t h e  mass, r a d i u s  and r a d i u s  of 
g y r a t i o n  of t h e  s t a r  i t s e l f  a r e  r e s p e c t i v e l y  11, 
T h e r e f o r e ,  t h e  t o t a l  a n g u l a r  momenturn of t h e  s t a r  is 
I t  is obvious f r o m  our d e f i n i t i o n  of the 
ti, and Rk. 
A f t e r  b r a k i n g ,  a l l  of i ts angular  momentum is t r a n s p o r t e d  
i n t o  t h e  su r round ing  medium (of niass m) a c c o r d i n g - t o  our 
t h e o r y  i f  ‘L‘ - 2: (= II‘, ::,)and a cons t an t  p a r t  ( equa l  t oA2 ,  = /~1;\32 
of i t  is t r a n s p o r t e d  o u t  i f  AJ 7 qdr 
r e a l i z e  t h a t  t h e  a n g u l a r  momentum i n  t h e  nebula t h a t  w i l l  
evolve  t o  becone z p l a n e t a r y  s y s t e m  cou ld  be di2feren:  :ran 
wh2t h a s  been f e d  i n t o  i t  by t h e  s t a r ,  beczase  sane a z g a l a r  
mo;nenzui, s a y  -06 , nay be o r i g i n a l l y  a s soc iazed  wizh i t  and 
i t s  s u r r o u n d i n g  nebula  a r e  supposed t o  have bee,i r’orned from 
t h e  same i n t e r s t e l l a r  medium, w e  may reasonably  assume t h a t  
, rn.22 
?’, 
However, w e  S h O X i d  I ’  
-2) 
has  neve r  gone inxo  t h e  sca r .  Since bo th  & *  LCZ sYar and 
- 9 -  
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t h e  v e c t o r ,  A?, , p o i n t s  t o  the  same d i r e c t i o n  i?s, t h e  s t e l l a r  
on ly  and the angu la r  momentum a s s o c i a t e d  w i t h  t h e  nebG-a (of 
m2ss m) a f t e r  t h e  complet ion of b r a k i n g  process has  t h e  f o l l o w i n g  
v a l u e :  * 
. ar ,gu lar  momentun does. Hence, w e  can  c o n s i d e r  t h e i r  mr;gnitudes 
For s t a r s  w i t h  slow r o t a t i o n  which i n d i c a t e s  s m a l l n e s s  of h 
of t h e  p r e - s t e l l a r  medium,fl ,must be s m a l l  and may be neg lec t ed .  
However, for s t a r s  of r a p i d  r o t a t i o n  and e s p e c i a l l y  for t h o s e  
which have passed through t h e  s t a g e  of r o t a t i o n a l  i n s t a b i l i t y  
i n  t h e  cour se  of t h e i r  e v o l u t i o n ,  h of t h e  p r e s t e l l a r  medium 
must be  l a r g e  anddn,  l a r g e  too .  
momentuii i n  t h e  nebula may be d i s s i p a t e d  away (for example 
th rough  t h e  l o s s  of mass) ,  D o m a y  be even nega t ive .  Thus, -2, 
cannot  be e s t i m a t e d  from the p resen t  c o n s i d e r a t i o n .  However, 
a s  w e  s h a l l  see, t h i s  u n c e r t a i n t y  can  be fo rma l ly  ci rcumvented 
i n  t h e  f o l l o w i n g  c a l c u l a t i o n .  
If w e  i n c l u d e  t h e  p o s s i b i l i t y  t h a t  a p a r t  or“ t he  a n g u l a r  
S ince  
where a is t h e  r a d i u s  of t h e  e q u i v a l e n t  p l a n e t ’ s  c i -b i t  around 
a s t a r  and 
3 
. .  
for t h e  p l a n e t a r y  system of t h e  s u n ,  w e  m y  i n t r o d u c e  a new 
i f  -? is p o s i t i v e  and zero t o  5 0 , if-? is nega t ive .  
I D 0 
T h e r e f o r e ,  t h e  lower and upper lirnit of t h e  r a d i u s  of t h e  
e q u i v a l e n t  p l a n e t f s  o r b i t  denoted r e s p e c t i v e l y  by a. and al 
are g iven  by 
! ,’ ! I  
where 
I n 
TC is easy  to derive frox z q u a - ~ l ~ r ~ s  (l) and (19) t h a t  t h e  
d f s t r i b u t i c n  filnctiong<~’;) with res2ecc t~ , P 
Since  from f t o  3 i t  invo lves  o n l y  a :-,cr:zc;:al t r a n s l a t i o n ,  
t h e  sha2e  of t he  d i s x r i b u t i o n  funcxloa  Lacs 20; depend x?on&”? . 
I f  -flLd is p o s i t i v e ,  w e  sir..JIy trLfis;ate t2ie e n t i r e  curve  t o  
t h e  r i g k t ,  thereby :ncrezsi:-; s y s t e a a x f c a i l y  t h e  s i z e  of t h e  
expec ted  o r b i t s .  If ‘2, is cega-r;ive, we z i -ans la te  the curve- 
t o  t h e  l e f t  and s e t  t h e  probability t o  zero everywhere t h a t  
i s  on the l e f t  s i d e  of t h z  o r i g i n .  ;:i t h i s  way w e  a r e  a b l e  
f o r m a l l y  t o  t a k e  i n t o  account  any v a l u e  of a c g  r) . P h y s i c a l l y ,  
however, w e  shou ld  remember t h a t  ,Tu 1,kely v a r i e s  f ron  c a s e  
t o  c a s e  and moreover w e  do noz know how it  does vzi-y ( say ,  




u n c e r t a i n  f a c t o r s  t h a t  p r e v e c t  u s  t o  d e r i v e  the  p r o b a b i l i t y  
of occur rence  of a p l a n e t a r y  s y s t e m  of a g iven  s i ze .  
S i n c e  w e  can o b t a i n  e a s i l y  t he  d i s t r i b u t i o n  w i t h  r e s p e c t  
t o  y2 
o n l y  t h e  l a t t e r  whicii, a s  w e  see from equa t ion  (241, depeads 
upon two parameters ,  }, ana -< , , o r  e q u i v a l e n t l y  ,\ and x‘ because 
of  e q u a t i o n  (23) .  
d a t a ,  2 ,  i n v o l v e s  an unknown paramezer, n a m i y  m/X. 
From t h e  v a l u e s  of 2) and /& i n  Table  1 
‘-: ) for each  or‘ t h e  t h r e e  c a s e s  g iven  t h e r e .  ’lie s h a l l  
0 and B s t a r s ,  R / R o =  1.74 and ?tl/lb13= 2 f o r  A s t a r s  ZCC 3 / R O =  
- .,a a i l ~  X / ; ~ A ~ =  1.4 for F O - F ~  s t a r s .  
from t h a t  w i x h  r e s p e c t  t o  2- , w e  s h a l l  c o n s i d e r  h e r e a f t e r  1 
i 
While 7 ,  has been deternlined from observed  
w e  can cospute  
I 
.- ube  - t h e  mean r a d i u s  R/RO = 3.9 and mean mass h I / l I ~  e 5.9 f o r  
- .?- I n  a l l  c a s e s  L-? ad:C?t 
0.05.  tan i-, 5ol~ov:s frox ~ 2 ~ 1 e   2nd ec,u=t-ii;:.s ;LG) .-2 11 
, szci ( 2 3 )  ;hat  
/’ 
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.which s t a t e s  that  t h e  maximum size of t h e  p l a n a t a r y  system 
is d i r e c t l y  p r o p o r t i o c a l  t o  t h e  mass of its p a r e n t  s t a r  
and i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  s q u a r e  of its t o t a l  mass. 
I t  s h o u l d  be noted  t h a t  t h e  numerical  c o e f f i c i e n t  i n  e q u a t i o n  
(24) does not apply  t o  s t a r s  l a t e r  t h a n  F5 for which w e  do 
not have ar,y observed data f o r  making t h e  c a l c u l a t i o n .  
Ne have s e e n  how c r i t i c a l l y  does t h e  s ize  of a I j l ane ta ry  
sys tem depend upon the  mass i n  t h e  nebula.  
is t h e  d i s s i p a t i o n  of mass i n  t h e  nebula  and accompanying 
A further compl i ca t ion  
.._ 
' d i s s i p a t i o n  of a n g a l a r  momentum b e f o r e  the f o r m t i o n  
p1anetz;y system of f i n i t e  bodies .  
poix: can be s e e n  f r o n  the  f a c t  t h a t  even i n  o u r  own p l a n e t a r y  
s y s t e ~ x  t h e r e  is no consensus concern ing  t h e  amount of mass i n  
-;hc s o l a r  nebula  i n  t he  beginniilg,  as soxe i n v e s t i g a t o r s  
advoca te  a v a l u e  of x/X = 0.1 while otke;-s use  cons ide rab ly  
s r r a l l e r  va lues .  
of a 
Tke d i f f i c u l t y  of t h i s  
S i c c e  t h e  a c t u a l  s i z e  of  any p l a n e t a r y  system must be 
e q u a l  t o  or l e s s  t h a n  t h e  upper l i m i t ,  we h a v e ' f o r  our own 
(A,, and (18) t h a t  
-7- AgAL....exsry cln systen;  Q! >/ 9 ,  . I t  t h e n  follows f r o m  equ&,tions 
4 
f 2  6; 
The r a t i o  
1.3 x lom3. 
va lue .  
i n  Table  1 (200 b / sec ) ,  we have 
m/X f o r  t h e  s o l a r  s y s t e m  a t  ? r e s e n t  is e q u a l  t o  
If w e  now t a k e  $:: ix be t h e  same a s  t h a t  d e t e m i n e d  
I n  t h e  e a r l y  dzys  it n u s t  be  much g r e a t e r  t han  t h i s  
T h r e f o r e ,  i t  follows f r o n  equat ion  (2;) th; t  i f , f 2 , =  0 ,  Y,> 2.2. 
* ic ,u~ t ion  (1) shows t h a t  t he  p z o b a b i l i t y  of havi-W - A 0  A \' > 2,*2 2 s  rzi;:.er 
sx:t?ll. T h i s  v;ould pu t  OUi- s l a c e t a r y  sysxeci a s  an  unusual 
czse, nanieiy i ts  chzr.ce o 1  occurrence  is sma i i .  
3 
- 
TI-2 O T ; - - ~ - -  a:;?r- .* * A L  - 
7 
n z i t i v e  is  'Liiat-L; is asprec iabLe.  T h i s  Means t h 2 t  a s i ~ x f i c c z t  . 
_nortion of t h e  zi igular  maxentu.? t h a t  is now found i n  our  
p l a n e t a r y  systein has  never  belong t o  t h e  sun.  
c c n s i d e r z t i o n  cannot  decide which a l t e r n a t i v e  is t h e  more 
2 l a x s i b l e  one. 
The prese1:t 
Thus,  w e  Lave s e e n  many u n c e i e a i n t i e s  c~r.cc;.~~,izg p l ~ s e t ~ r ; . .  
s y s t e m  x o u c d  zae sta;-s i i i  gel?zrG,l . 
lor t h e  -cir:e be ing .  
s imple  t h e o r y  is t h a t  t h e  s i z e  of a p l a n e t a r y  syszer.1 i n c r e a s e s  
n'- ~ . & z y  c ~ c x - ~  'sa 1-esolved 
What w e  can  p r e d i c t  from t h e  I;zesent 
- 14 - - .  
I 
c . .. . 
n r i t h  a ciccre3Se 0; i ts  to t21  mass act! t h a t  t2.2 d i s t r i S u t i o n  
~ . f  s i z e s  ( m a s s r e d  Ly <) cjf t h e  en_uiva lcn t  p l z n e t z s  o r b i t )  
behnvcs l i k ?  3 :1:2:-:-rell.i2:1 d ' s  -. t r - a u t i c n  ~ of v c i o c l  :J m g n i t u d e s  
- 4 -  .A , lo\?.-.:. en,: 2;;d is -.-.c;x-,q+-.- 0 -  
2F.d -4 SZZ:S t l . 2  t ~ ~ . - ~ z ~ t l o ~  OCC-L'S ;;: yc;",L j c l j .  3 ~ ~ ~ ; 1  v z l u c s .  
The re fo re  unless_I?* has  a l a r g e  v a r i s t i o n  anong i n d i v i d u a l  
s y s t e m s ,  t h e i r  s i ze s  do n o t  vary  g r e a t l y  from one t o  the  o t h e r .  
Nost of them a r e  crowded a t  t h e  upper l i m i t .  The t r u n c a t i o n  
of  s y s t e m s  around F-type s t a r s  o c c u r s  a t  r e l a t i v e l y  l a r g e r  
v a l u e s .  Consequent ly ,  t h e  sp read  of s izes  is a l s o  l a r g e r ,  
a l t hough  t h e r e  is s t i l l  an a p p r e c i a b l e  number of them a t  the 
upper l i n i t  of t h e i r  size.  On t h e  o t h e r  hand, t h e  s izes  of 
p l a n e t a r y  systems around l a t e - t y p e  ( l a t e r  t h a n  F) s t a r s  a r e -  
expec ted  t o  be d i s t r i b u t e d  l i k e  a complete Maxwellian cu rve  
w i t h  a wide s p r e a d  of va lues .  
tendency t o  accumulate a t  any p a r t i c u l a r  s i ze  l i k e  systems 
around e a r l y - t y p e  s t a r s  do. A l l  these consequences would be 
modi f ied  i f w . c o v a r i e s  g r e a t l y  from one system t o  a n o t h e r ;  i n  
s u c h  c a s e s  t h e  d i s t r i b u t i o n  of p l a n e t a r y  s i zes  can be d e r i v e d  
. *  -? 
/ 
L tL: K : ? p > -  2?.L.. ?.3? 0 ,  u . v . c  c ., L -  Y c I b L -  d." 
They s h o u l d  no t  show t h e  
o n l y  when w e  know t h e  v a r i a t i o n  of,Lo. /-i 
F i n a l l y ,  we would l i k e  t o  ask i f  i t  is p o s s i b l e  ;hat 
there is no mass l e f t  a f t e r  t h e  a c t u a l  p rocesses  of s t a r  
fo rma t ion  ( i . e . ,  m = 0) .  I n  That c a s e  no p l a n e t  would be  
formed. Indeed from t h e  p o i n t  of view of s t a r  forma.r;ion w e  
do n o t  have any compell ing reason  t o  a s s u r e  us t h a t  t h e r e  must 
be some mass l e f t  behind t o  form p l a n e t s  a f t e r  t h e  s t a r  
i t s e l f  is formed. On t h e  o t h e r  hand, t h e  r o t a t i o n a l  behav io r  
of s t a r s  does s u g g e s t  t h a t  t h e r e  must be some mass l e f t  
behind  s i n c e  a x i a l  r o t a t i o n  could not  be e f f e c t i v e l y  braked 
wi thou t  t h e  presence  of such  mass.around t h e  s t a r ,  a l t hough  
wa cznnot  a t  p r e s e n t  e s t i m a t e  t h e  m o u n t  of mass t h s t  is there .  
I t  is t h e r e f o r e  t h e  main p0i.il-C of t h i s  paper ,  if ao~ , i .~ng  e lse ,  
t o  show tLa  behav io r  of axis1 r o t a t i o r  of s t a r s  i r ,L lcz t e s  t h e  
~. 
L .  
rnl i ~ e  p r e s e n t  pzper  perhaps r e p r e s e n t s  t h e  f i r s t  serious 
a ioncer  explc:zt lon of a nebuloiis ficid 02 l e a r n i n g  r a t h e r  
t h a n  a l e g i c i n a t e  t r ea tmen t  of something t h a t  i s  c l e a r l y  
c o n c l u s i o n s  t h a t  have been de r ived  here .  
i,‘zde, Jr. for t h e  nlirnsrical i n t e g z a l s  i n  e q u a t i o n s  (7) and 
(S) on the IBX 7094 d i g i t a l  cox?;n te r  st Goddard. 
understood.  A s  a r e s u l t  we emphasize o n l y  t h e  q u a l i t a t i v e  - 
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Figure  2 - Observed his tograms of p ro jec t ed  r o t a t i o n a l  
v e l o c i t i e s  of t h r e e  groups of s t a r s ,  0 and E, A ,  
and FO-F5, taken  fron a pi-evious paper. The 
his togram of p ro jec t ed  r o t a t i o n a l  v e l o c i t i e s  f o r  
l a t e r  type  s t a r s  w i l l  be c o n s i s t e d  of only  a s i n g l e  
column of  s m a l l  v e l o c i t i e s .  These his tograms 
should  be compared with those  i n  F igure  1. 
t r e n d  of i n c r e a s i n g  braking  s t r e n g z h s  from 0 and 
E, through A and FO-F5 t o  l a t e r - type  s t a r s  is 
unmistakable.  From t he  comparison w e  may make a 
rough e s t i m a t e  of 
of s t a r s .  
The 
f o r  each of t h e s e  t h r e e  groups 
1 
<- .- 
. 
c 
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